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The general equation for the conditional expectation of a reactive scalar can be simplified for turbulent shear flows. The weak dependence of the conditional expectation on a coordinate across the shear flow, which was assumed earlier, is proved by asymptotic analysis. This analysis is an analog of the traditional boundary layer methods for the conventional (unconditional) expectations in turbulent flows, but it is carried out for the conditional expectation and the conserved scalar probability density function. 0 1995 American Institute of Physics.
The equations governing the evolution of expectations Q of reactive scalars C conditioned on a fixed value f of the conserved scalar E (that is Q = (Cl e=f)) were independently suggested by Klimenkor and Bilger.23 The recent results"-7 in conditional modeling are quite encouraging and produce reasonably good agreement with experimental and direct numerical simulation data. The derivation-techniques and the closure assumptions applied in Refs. 1-3 are quite different, but the general conditional moment closure (CMC) equations obtained are identical. The essential simplification of the general CMC equation is achieved in the case of shear flows by assuming that Q varies weakly across the flow. On the face of the problem this assumption seems unexpectedaveraged values are usually strong functions of the coordinate across the shear flow. This Brief Communication introduces an asymptotic analysis confirming and explaining the weak variance of the conditional expectation Q across turbulent shear flows (that is flows allowing application of the boundary layer equations for unconditional means). A small parameter for the asymptotic expansions is chosen as ~=ye/xa, where yalxa represents the ratio of transversal and longitudinal characteristic scales of the flow. The CMC equations, obtained in Refs. 1, 2, and 3 for shear flows, are similar, but these equations have different formulas for their coefficients. The correct forms of the coefficients are discussed here on the basis of asymptotic analysis. Some approximations for the probability density function (PDF) pf(f;x,y) of the conserved scalar are also obtained as a result of the asymptotic expansions.
Both the CMC equation and the PDF equation8'9 for the conserved scalar .$ are not closed. Ins this study we do not assume any particular form of the unclosed terms, but their characteristic values in shear flows are estimated. The commonly adopted estimations x-l, y-2,
enable the longitudinal flux (U'C') and stress (u'u') to be neglected and the transversal flux (u'C') and stress (u'u') 
We introduce here P=p (pl.$=f),
. The order of the values kr=(zd 'C"I[=f) and k,(u"C"]~=f) is unknown, but we can estimate vnGu', unGur, C"<C', consequentially pZ=O. We assume that W-l to avoid trivial results for the chemical kinetics.
Equations (1) and (2) contain a small parameter. The independent variable F, which is a characteristic variable for fluctuations S-e, is introduced as F=(f -( ,$)/E. Independent variable f should also be kept since f is a characteristic variable for the CMC shear flow equation. The new independent variables X, F, f are substituted for X, Y, f in (1) and (2). Some new functions are introduced here:
All of them are of unity order, We note that the conditionally aver-aged values-coefficients in (1) and (2)depend on F:
The values (2, P, ITJ,~, G, N, and Vf are expanded into a power series introducing new functions lJzz,, G", N", and VT:
Equating the terms of the main order (-em') in the PDF and CMC equations, we obtain
Equations (3) and (4) can be integrated
Qo=Qo(X>f 1.
The solutions (5) and (6) of (3) and (4) are determined so that PO decreases exponentially and Q. does not increase exponentially as 1 FI --+a (we note that G"VT > 0 as F--++m and Gal/f" C 0 as F--+-m). The integration constant .4 ' (X,f > is calculated from the normalization condition. The PDF obtained is in agreement with the initial estimation f--E.
The main order approximation of the conditional mean Q. in shear flows depends only on X and f. This does not mean, however, that the derivatives a/JY can be neglected in (2) since the term -e-'dQ,ldY can still be significant. The terms of the higher orders ar=p+ 1, cy2=2 should be considered to obtain the correct equation for Q. The equation of the next order, which takes the form L{Q,}=S, with Sr= -GOP{ 'tl(KJ,Po)ldF can be integrated
This result seems unphysical as flux K, is countergradient in the whole region under consideration. This means that pal. We note that both forms6'7 of the equation for conditional variance ((C")2] c=fi indicate that its spatial generation term is small provided Q depends weakly on Y," So we can expect C" to be of smaller order than C'. If p>O, the equation for Q2 takes the form L(Q,}=S,=-U;l $$+N" $+w.
The second and the third terms in the expansion for Q are of the same order in the case of p= 1. The solvability condition for equation L{Qi}=Si is that the function Si must be orthogonal to the eigenvector PO" of the adjoint operator L * Equation (12) is integrated across the flow, the small terms with lJf and K, are neglected. Taking into account a weak variance of Q across the flow we can put Q outside the integration sign. Our purpose here is the confirmation of the validity of this procedure by using the expansion
obtained above @=l). The most restrictive term is estimated as
We note that (dQl18f ) Equations (10) and (15) are similar, but the formulas for their coefficients are different.
The order of G is estimated in (3) and (4) as G-1 and the PDF approximation (5) is not valid in low-gradient region where G = -a( t)/aY-~40 (for example in the vicinity of the centerline of the flow). The flux (V'C'} could be countergradient in the low-gradient region. This means that G"VTF < 0 as IFI --)a and (5) is invalid. Nevertheless, the asymptotic expansion (13) is still correct even if G-0. This can be shown by substituting (13) directly into (2). Taking into account that in the low-gradient region JQ,/aY=O,
)y-l and neglecting the smaller terms we obtain an equation which is similar to (8), but G=O in the operator L. We note that the result of the similar substitution of (5) into (1) is unplausible in the lowgradient region.
In this analysis we have not assumed that the conditional expectation Q is a weak function of the transversal coordinate, as was assumed earlier.le3 This behavior is a result for flows with a small ratio of xolyo. The asymptotic method demonstrates the relation of the shear flow CMC equation to the traditional boundary layer equations for the unconditional means (C) and (u). Both forms of the CMC shear flow equations (10) and (15) are correct asymptotic approximations of (2) at the limit ~40 and those can be reasonably used in turbulent modeling. There are, however, some differences.
The advantage of (10) is that the formulas for Vi and Nz are simpler than the formulas for U* and N' since Ug and Ni do not require any explicit specification of the PDF. The reason is that (10) is obtained from (9) and this implies the conserved scalar PDF specified by (5). Equation (15) can be more general. Equations (10) and (11) being obtained from (9) are not valid in the low-gradient region, while (15) is still correct. That is the reason why (ll), unlike (15), does not specify Nz for f>f, um(x> is the maximum of (# in a fixed cross section]. Another feature is that. (15), being an integral method, ensures that the conservation integrals are satisfied'7*2 while (10) ensures satisfaction of the conservations integrals only at the limit e--+0.
In the PDF approximation (5) the most significant of the neglected terms are the advection terms (u)dPldx and (u)dP/dy . These terms can be estimated by considering the balance equation for ((,$')2) which is the second moment integral of the PDF equation. The relative amplitude of the advection terms in the high-gradient regions is evaluated in comparison with experimental data as -0.3 in the plane jetI and in the wake of a heated cylinder;14 SO.1 in the turbulent boundary layerr (~60.56, Rec2000). The approximation of the conditional mean in (13) is of higher order (-2) than the PDF approximation. Equation (8) for the conditional mean, unlike Eq. (3) for the PDF, includes some of the advection terms. So we can expect (13) to have practical accuracy higher than (5) for all of the shear flows. In some casesaV3 the term (u)dQ/dy neglected in the CMC equation for shear flows is as small as 10B2.
The asymptotical form of the PDF PO' specitied by (5) and (11) can, however, provide a reasonable approximation for the shape of the PDF even if the approximation Pi itself does not have a sufficient accuracy. In this case some of the coefficients in Pz [normally, two coefficients determining (8 and ((E') 2)] are adjusted to fit experimental or calculated data. The comparison of the shape of P$ with the Gaussian PDF and the experimental data" is presented in Fig. 1 . The conditional velocity is
Vf-(f -(t)).8*g approximated in (5) by Th e constant in the exponent (determining ((t')2)) is calculated for both Gaussian and non-Gaussian PDFs to produce the best fit to the experimental data. l6 It can be seen that the approximation PO' correctly describes the tendency of the PDF to deviate from the Gaussian form.17 
